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Abstract. We discuss the problem of i?-separability (separability of variables with a fac- 
tor R) in the stationary Schrodinger equation on n-dimensional Riemann space. We follow 
the approach of Gaston Darboux who was the first to give the first general treatment of 
i?-separability in PDE (Laplace equation on E^^). According to Darboux i?-separability 
amounts to two conditions: metric is isothermic (all its parametric surfaces are isothcrmic 
in the sense of both classical differential geometry and modern theory of solitons) and more- 
over when an isothermic metric is given their Lame coefficients satisfy a single constraint 
which is either functional (when R is harmonic) or differential (in the opposite case) . These 
two conditions are generalized to 7i-dimensional case. In particular we define n-dimensional 
isothermic metrics and distinguish an important subclass of isothermic metrics which we call 
binary metrics. The approach is illustrated by two standard examples and two less standard 
examples. In all cases the approach offers alternative and much simplified proofs or deriva- 
tions. We formulate a systematic procedure to isolate i?-separable metrics. This procedure 
is implemented in the case of 3-dimensional Laplace equation. Finally we discuss the class of 
Dupin-cyclidic metrics which are non- regularly i?-separable in the Laplace equation on E'^. 

Key words: separation of variables; elliptic equations; diagonal 7i-dimensional metrics; 
isothermic surfaces; Dupin cyclides; Lame equations 
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1 Introduction 

One of the highlights of Darboux's research on the whole is a memoir [11] devoted mainly to 
orthogonal coordinates in Euclidean spaces. The fundamental monograph [13] includes much of 
the material of [llj . The last fifty pages of the third and last part of the memoir [12] are nothing 
else but the first general treatment of the -R-separability of variables (separability of variables 
with a factor R) in a PDE. 



1.1 ii-separability setting 

Let 



AV' = 

be a linear PDE in variables x 



(1.1) 

, x*^) for an unknown (function) il){x) and of order N . 



*This paper is a contribution to the Special Issue "Symmetry, Separation, Super-integrability and Special 
Functions (S**)". The full collection is available at |http: / / www.emis.de /journals/SIGM A / S4.html , 



2 



A. Sym and A. Szereszewski 



Definition 1. PDE (jl.ip is i?-separable (into ODEs) or x- variables are -R-separable in equa- 
tion if there exist a non-zero function R{x) and n linear ODEs 

L,^i = 0, i = l,2,...,n, (1.2) 
each of order ui < N and for a function ipi{x^) such that the following implication holds 

if Liifi = 0, i = l,2, ...,n, then V'(^) = -^(2^) JJ V^i (2^*) solves (jl.ip . (1-3) 

i 

Also we say that i?-separation occurs in equation (jl.l|) . Equations (jl.2p are called separation 
equations. 

Remark 1. Following Darboux we assume that coefficients of each equation (II. 2p are just 
functions of variable not necessarily dependent on extra variables (parameters). This freedom 
from the Stackel imperative is essential. Hence if ()1.3p holds then we have a family of solutions 
to (jl.ip depending at least on f j parameters. 

Remark 2. If i? = 1 or more generally if i? = fli'"*!^*)' replace the term "i?-separability" 
by the term "separability" . 

1.2 i?-separability in the Schrodinger equation 

We assume that a Riemann space TZ^ admits local orthogonal coordinates u = (n^, . . . ,n") in 
which the metric has the following form 

n 

ds' = Y,Hf{du^)'. (1.4) 

1=1 

H.P. Robertson was the first to consider the stationary Schrodinger equation on 7^" equipped 
with orthogonal coordinates 

A^j+{k^ -V)^p = 0, (1.5) 

where 

i=l * 

is the Laplace-Beltrami operator on TZ^, k is a scalar and V = V{u) is a potential function [27\ . 
We adapt the Definition [1] to the case of equation (jl.Sp as follows. 

Definition 2. The Schrodinger equation is i?-separable or metric (jl.4p and potential V are 
-R-separable in the Schrodinger equation if there exist 2n + 1 functions R{u) and pi{u^), qi{u^) 
(i = 1, 2, . . . , n) such that the following implication holds 

V'i' + PiVi + = 0, i = l,2, => ip{u) = R{u)^ipi{u') solves ([LS]). (1.6) 

i 

Particular cases of equation (jl.Sp are 
a) n-dimensional Laplace equation (/c = and V = Q) 
Alp = 0, 
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b) n-dimensional Helmholtz equation {V = 0) 

AV' + A;V = 0, (1.7) 

c) n-dimensional Schrodinger equation with k = 

AV' = V^p. (1.8) 

In the context of the i?-separability in the Schrodinger equation the following problem seems 
to be fundamental. 

ii-separability problem. Let TZ^ be a Riemann space with a metric ds'^ = gijdx^dx\ 
where (x*) are local coordinates. We assume that TZ"' admits orthogonal coordinates and we are 
given a class of i?-separable metrics (|1.4|) . By /^-separability problem, we mean the problem of 
isolating those metrics of the class which are equivalent to the metric ds'^. 

Remark 3. As is well known a generic TZ^ for n > 3 does not admit orthogonal coordinates 
[H p. 470]. Any analytic TZ^ always admits orthogonal coordinates [5] and even more any 
of C°°-class also admits orthogonal coordinates [15]. Also the problem when a given metric is 
diagonalizable seems to be very difficult [30]. 

Robertson proved in [27] that any n-dimensional Stackel metrics satisfying the so called 
Robertson condition is separable in the Schrodinger equation (|1.5|) (see also (|3.1|) of this paper). 
The corresponding iZ-separability problem for n-dimensional Euclidean space has been solved 
by L.P. Eisenhart |16| . 



1.3 Darboux's i2-separability problem 

Gaston Darboux was interested in /^-separability of variables in the Laplace equation on E^. 
His pioneering research in the field of i?-separability [H [T0| \T2[ [13] has been almost completely 
forgotten. It can be interpreted as an advanced attempt to solve the following specific R- 
separability problem. 

Here we do not use the original Darboux's notation dating back to Lame writings. Instead, 
we apply the notation used in this paper. 

Theorem 1. The 3- dimensional diagonal metric 

ds^ = Hl{u){du^f + Hl{u){du^f + Hl{u){du'^f (1.9) 

is R-separable in 3- dimensional Laplace equation 
/ 3 



E5^^^50^ = o (1-10) 



\i=l 

if and only if the following two conditions are satisfied 

. '^(2)'^(3) '^(1)<^(3) '^(1)'^(2) , . 



where G^i) does not depend on and fi depends only on u^, 

3 

It ) 

1=1 



dfR-' + ^diR-^ + QiR-^ 

Ji 



[1.12) 



for appropriately chosen functions qi{u^). 

Moreover, the resulting separation equations are 

V'l + fy'P'^+q^^^ = 0, i = 1,2,3. 
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Remark 4. Theorem [T] has never been exphcitly stated by Darboux. ActuaUy he apphed this 
theorem in many places of his research. E.g. (3) in Chapter IV of [13] is a special case of 
while (69) in Chapter V of [13] is a special case of (jl.l2p . 

In view of the Theorem [Tj the question of -R-separability of variables in the Laplace equation 
on E'^ amounts to the following i?-separability problem: to isolate all the metrics with Lame 
coefficients (jl.lip which are flat and which satisfy (jl.l2p . In other words, firstly, one has to 
find (classify) all solutions to the Lame equations (i, j, k = (1, 2, 3), (2, 3, 1), (3, 1, 2)) 



under the ansatz (jl.lip and, secondly, to select among them those satisfying the constraint (jl.l2p . 

Darboux was successful in solving the Lame equations under the ansatz (jl.lip . However 
as a rule he paid no closer attention to the question of separation equations and thus with one 
exception the constraint (jl.l2p was not the subject of his detailed analysis. This exceptional case 
not covered by the modern treatments of i?-separability in the Laplace equation on is one of 
the Dupin-cyclidic metrics |13j pp. 283-286]. Indeed, Dupin-cyclidic metrics are non-regularly 
i?-separable in the Laplace equation on E^ and cannot be treated by the standard techniques 
discussed e.g. in [3]. For a discussion of regular and non-regular i?-separability see [23] . 

Definition 3. A surface in E^ is isothermic if, away from umbilics, its curvature net can be 
conformally parametrized. 

Another important Darboux's result is as follows. 

Theorem 2. // the metric (jl.9p is R-separahle in the Laplace equation on , then all the 
corresponding parametric surfaces are isothermic. 

The class of isothermic surfaces is conformally invariant and in particular includes 

• planes and spheres, 

• surfaces of revolution, 

• quadrics, 

• tori, cones, cylinders and their conformal images, i.e. Dupin cyclides, 

• cyclides or better Darboux-Moutard cyclides, 

• constant mean curvature surfaces and in particular minimal surfaces. 

Apart from the fact that the Theorem [2] is a necessary condition for i?-separability in the 
Laplace equation on E^, it is an interesting connection between the linear mathematical physics 
(separation of variables) and the non- linear mathematical physics (solitons). Indeed, the current 
interest in isothermic surfaces is mainly due to the fact that their geometry is an important 
example of the so called integrable or soliton geometry [8l [28l H] [19] . 

Definition 4. The metric (jl.9p with Lame coefficients (jl.lip is called isothermic. 




(1.13) 



(1.14) 
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1.4 Aims and results of the paper 

In this paper we extend the original Darboux's approach to -R-separability of variables in the 
Laplace equation on to the case of the stationary Schrodinger equation on ?i-dimensional 
Riemann space 7^" admitting orthogonal coordinates. 

The Darboux's Theorem [T] is generalized as Theorem [3l Correspondingly 3-dimensional 
isothermic metrics (jl.lip are generalized to n-dimensional isothermic metrics (j2.3p while 3- 
dimensional constraint (jl.l2p is generalized to n-dimensional constraint ()2.1ip which we call 
i?-equation. 

We distinguish a subclass (j2.9p of isothermic metrics which we call the binary metrics. A rep- 
resentative example of the binary metric is n-elliptic metric ()2.10p . In the case of a binary metric 
the i?-equation assumes the simpler form (j2.12p . 

The approach is illustrated by examples of the Section [3l Here we discuss two standard results 
and two less standard results. These are 1) Robertson paper revisited (Subsection l3.ip . 2) the n- 
elliptic metric (Subsection 13. 2p (standard results) and 3) remarkable example of Kalnins-Miller 
revisited (Subsection 13. 3p . 4) fixed energy i?-separation revisited (Subsection 13. 4p (less standard 
examples). In all cases the approach offers alternative and simplified proofs or derivations. 

The main result of the paper encoded in Theorem [3] suggests the following procedure to 
identify a given ?i-dimensional diagonal metric (jl.4p as /^-separable in n-dimensional Schrodinger 
equation. The procedure in question consists of three steps. 

Firstly, we have to prove or disprove that the metric is isothermic. If the metric is not 
isothermic, then it is not i?-separable. Suppose it is isothermic. As a result this step predicts 
i?-factor and pi coefficients in the separation equations. Secondly, we set up the correspon- 
ding /^-equation which we treat as an equation for qi coefficients in the separation equations. 
Thirdly, we attempt to solve the i?-equation. Any solution to the /^-equation concludes the 
procedure: i?-separability of the starting metric is proved and in particular the corresponding 
separation equations are explicitly constructed. Notice that unknowns qi enter into i?-equation 
linearly and this is the right place to introduce (linearly) extra parameters (separation constants) 
into the separation equations. In Subsection 12.31 we introduce remarkable algebraic identities 
(Bocher-Ushveridze identities) which can be successfully applied in solving /^-equation. This 
is a remarkably simple procedure and its implementation in the case of 3-dimensional Laplace 
equation is discussed in Subsection 14.11 together with the relevant examples. 

Gaston Darboux found a class of Dupin-cyclidic metrics which are i?-separable in the Laplace 
equation on E^. These are non-regularly i?-separable and can not be covered by the modern 
standard approaches. In Subsection 14.31 we re-derive this remarkable result. The original Dar- 
boux's calculations are long and rather difficult to control. Here we simplify the derivation using 
the standard Riemannian tools (Ricci tensor and Cotton- York criterion of conformal flatness). 

2 Isothermic metrics and i^-equation 

2.1 The main result 

Here we extend Darboux's Theorem [1] valid for 3-dimensional Laplace equation (jl.lOp to the 
case of n-dimensional stationary Schrodinger equation (jl.Sp . Correspondingly, we extend the 
Definition [J] of isothermic metrics to n-dimensional case. 

Theorem 3. A. The metric (|1.4p and the potential V are R-separahle in the Schrodinger 
equation (jl.Sp if and only if the following two conditions are satisfied 

• first condition of R- separability 




(2.1) 
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second condition of R- separability {called R-equation) 



Ai2 + - y - ^ l^q^ R = 0. (2.2) 



B. The metric (ll.4p satisfies the first condition of R- separability if and only if it can he cast 
into the form 

n ^ 

ds' = i?4/{2-n)c2/(n-2)^2/(n-2) . . . ^2/(n-2) ^ ^-2 1 (^^.)2^ ^2.3) 

J i 



i=l 



where G^i-^ does not depend on while fi depends only on n*. 

C. // conditions (j2.3p and (|2.2p are satisfied then the corresponding separation equations read 



+ + q^V^ = 0. (2.4) 

Proof. A. i?-separability implies ()2.1|) and ()2.2p . 

Indeed, we insert ijj = RW^'^i into (jl.Sp and make use of (jl.6p . This results in 



(2.5) 



for an arbitrary choice of solutions ipi. Let {(pii,ipi2) be a basis in the solution space of the 
corresponding equation. We put 

(fi = Xnpii + fii(pi2, Aj, fii = const. 

Thus for each ipi (Aj 7^ 0) we have 

"Pi _ fii + 01^2 



(2.6) 



where = Hi/Xi = const. Since ()2.5p with ^ replaced by r.h.s. of (|2.6p is valid for arbitrary 
we have 

Ini?^^') =pi, i = l,2,...,n (2.7) 

i / ,i 



and from ([Ml) both and (jl^D follow. 

Conditions (|2.ip and (|2.2p imply /^-separability. 

Indeed, we form the equations of ()1.6p with pj = (^\iR?j^ and given by (|2.2p . Then the 

implication (jl.6p in Definition [2] is satisfied. 

B. Indeed, the metric p.4p satisfies (|2.ip if and only if there exist 2n functions fi{u^) and 
F(j) («^ , . . . , , , . . . , u") such that 

^ = ^m^- (2-8) 

Certainly, without loss of generality we can replace by ( /fc) ^^fi)^ where = G(^i~^{u^, 
. . . , li*"*"-^, . . . , li"). Now (|2.8p implies ()2.3p and vice- versa. ■ 
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Remark 5. Willard Miller Jr. derived ()2.ip in [23]. See (3.23) of [23] and notice that his R is 
our Inii. 

Notice that (|2.3p for n = 2> gives the isothermic metric of Definition 4. 

Definition 5. The metric (|2.3p is called isothermic. 

We introduce now an important sub-class of isothermic metrics. Given functions Gij — 
Gij{u^,u^) {i < j). We select G(-j) as follows 

Then (12. 3p assumes the form 

n n G'ig n 

^ ^4/(2-n) ^ V<^ (^^.^2^ ^^.9) 

Definition 6. The metric (j2.9p is called binary. 

Example. The n-elliptic coordinates on \20 \ \22 \ [T7 \ 133]. We choose n real numbers bi such 
that bi > b2 > • • • > bn- The n-elliptic coordinates A = (A^, A^, . . . , A") satisfy inequalities 

A^ > 61 > A^ > • • • > bn^i > A" > bn- 

The following formulae give rise to a diffeomorphism onto any of 2" open n-hyper-octants of E" 
equipped with the standard Cartesian coordinates x = (x^, x^, . . . , x") 

n 

n 

The corresponding n-elliptic metric is 

„ n(A^-A^) 

ds'=Y.—n (^^^)'- (2-10) 

i=i 4 n (V - 

fc=i 

n 

The n-elliptic metric is binary {R = 1, G^j = VA^ - A^ and ff = A{-iy~^ \[ (A* - bk)) and 

fc=i 

thus isothermic. 
2.2 ii- equation 

Having found the general formulae (j2.3p and (|2.9p for isothermic metrics which ~ ex definitione - 
satisfy the 1st condition of i?-separability, we are in a position to claim that the various questions 
of i?-separability amount to the 2nd condition of R-separability (j2.2p which we call i?-equation. 

Remark 6. (12. 2p is not the Schrodinger equation since it is either a functional equation (when R 
is harmonic) or A involves R. 
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Theorem 4. A. The metric (j2.3p is R-separable in the Schrddinger equation if and only if 



i=l 



R 



fi \R 



75 o +Q^-f^ 



R 



R^ 



(n+2)/(2-n)^2/(n-2) _ _ _ (-:-2/(n-2) f ^2 



-G^^r ^(fc^-F).(2.ii) 



B. The binary metric (j2.9p is R- separable in the Schrddinger equation if and only if 



1 li<q iq 1 lp<i pi 



^(,.+2)/(2-„) (j2 _ ^) ^ (2.12) 



Proof. Indeed, both ()2.1ip and ()2.12p are i?-equations rewritten in terms of the corresponding 
metric. ■ 

Remark 7. Notice that the Hnear operators acting on R^^ in (j2.1ip and (j2.12p also define the 
separation equations (12. 4p . 



2.3 Bocher— Ushveridze identities 

Gaston Darboux was the first to discuss the so called triply conjugate coordinates in E'^ |12j . 
These constitute a projective generalization of orthogonal coordinates in E'^. In this context he 
introduced the following system of three equations for a single unknown A/(xi, X2, X3) 



{Xi - X2)M,i2 - M,i + M,2 = 0, 
(Xi - X3)M,i3 - M,i + M,3 = 0, 

{X2 - X3)M,23 - M,2 + M,3 = 0. 

and gave a general solution to it in the form 
mi(xi) rn2{x2) 



(2.13) 



M 



+ 



+ 



m^{x^) 



(Xi - X2)(xi - X3) (X2 - Xi)(x2 - X3) (X3 - Xi)(x3 - X2) 



(2.14) 



where mi{xi) are arbitrary functions (see formulae (40), (41) and (42) in [E]). A generalization 
of (j2.13p and (|2.14p is straightforward. 

Consider in M" the following system of (2) PDEs for 9, single unknown Af^(xi, • • • 5 ^n) 



Xj)Mij-Mi + Mj =0, i<j. 



(2.15) 



This is the overdetermined system of PDEs which is an example of the so called linear Darboux- 
Manakov-Zakharov system [34]. Fortunately (|2.15p is involutive (see Proposition 1 in j34j). Its 
general solution reads 



M 



n 



mixi) 



1 Uixi-Xj) 



where mi{xi) are arbitrary functions. 

On the other hand each single equation of the system (|2.15p is a particular case of the Euler- 
Poisson-Darboux equation \14:\ p. 54] provided we ignore variables not explicitly involved in the 
equation. For simplicity (j2.15p will be called the Euler-Poisson-Darboux system. 

Remark 8. Interestingly, in modern times the Euler-Poisson-Darboux system and its various 
modifications have been studied in the context of the so called integrable hydrodynamic type 
systems ISU [32l [25] . 
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Notice particular solutions to (|2.15p : M = 0, M = 1 and M = Xi. The obvious question 



i=l 



arises as to what functions mi{xi) correspond to them. 

Maxime Bocher in his monograph on i?-separability in the Laplace equation on E" published 
without proof a series of remarkable algebraic identities [21 P- 250]. These can be written in 
a compact form as follows 

n p—l 

A.G. Ushveridze generalized the identities (I2.16P [33] . We put m = 0, 1, 2, . . . , n = 2, 3, . . . , 

d = m + \ — n and 

(xi,.2,...,x„) = f:^^^|^. (2.17) 

Then 



An) 
Jd 



for < 77T, < n — 1 , 

1 for 771 = n — 1, 
homogeneous polynomial 

of degree and homogeneity = d for m > n. 



(2.18) 



I.e. for m > n 

j.(n) sr-^ r li I2 h 

lli+2l2+-+dla=d 

n 

where are elementary symmetric polynomials: (Ti = ^ Xj, (T2 = ^ XiXj, . . . and fi^i^..!^ are 
constants defined uniquely by r.h.s. of (j2.17p . In particular 



/J"^=^i = E^- f2^=<yl-^2, ft^ = al-2aia2 + c73. (2.19) 

1=1 



The identities (j2.18p and in particular the identities ()2.16p we call the Bocher-Ushveridze identi- 
ties. Certainly, both sides of any Bocher-Ushveridze identity is a particular solution to the Euler- 
Poisson-Darboux system. Notice also that functions mi[xi) are not defined by M uniquely. As 
we shall see both the Euler-Poisson-Darboux system and the Bocher-Ushveridze identities can 
be applied in discussing /^-equation. 



3 Examples 

In this section we discuss two standard results and two less standard results within the developed 
approach. In all cases the approach offers alternative and much simplified proofs or derivations. 

3.1 Robertson paper revisited 

Here we present the essence of Howard Percy Robertson fundamental paper [27| . Our aim is to 
re-derive the basic formulae (A), (B), (C) and (9) of the paper using earlier stated results. 
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2 

i 



In (1) of [27] we put k = 1 and replace by /c^. Notice that e.g. Robertson's hi is our 
The paper deals with the case R = 1. i?-equation (|2.2|) is now the functional constraint which 
is bilinear in and qi 

n 

We decompose qi as follows 

q^{u') = k\,i{u') - Vi{u') + Q,{u'), (3.2) 
where Vi are arbitrary. Inserting ()3.2p into (jS.ip gives 



n ^ 

n 

i=l i 
n 

E 772 = y- (3-5) 

Formally (I3.4p means that vector (Qj) belongs to (n — l)-dimensional orthogonal complement 
of the vector (i?~^). Select a basis [qij) (j = 2, 3, . . . , n) of the orthogonal complement 

n ^ 

E-E?2«^i(^0 =0' i = 2,3,...,n (3.6) 
and decompose {Qi) in this basis as follows 



Qi{u')=Y.k,q,j{u'), (3.7) 
i=2 

where the coefficients of the decomposition are arbitrary constants. 

Remark 9. (|3.3p and (j3.6p introduce (non-uniquely!) an n x n matrix q = [qij{u^)]. We assume 
that q is non-singular everywhere. It is called the Stackel matrix. Notice that the co-factor Qij 
of qij does not depend on v}. 



We collect and ([M]) as 

n ^ 

Y.172lij = ^y- (3.8) 



• 1 

1=1 ' 
Inverting of (13. 8|) yields 

It is clear that the metric 

n ,j i^2 

ds2 = det(/E^7T^ (3-10) 

i=i 
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satisfies (|3.ip or the 2-nd condition of i2-separabihty (|2.2p . Finahy we demand the metric ()3.10p 
has to satisfy the first condition of -R-separabihty (|2.ip 



hi 



which imphes 



detgy^.. 



0, i + j, 



det q 



1=1 



(3.11) 



and thus (EHD is 



(3.12) 



which means that (j3.12p exactly conforms to (j2.8p . As a result of (|3.12p . (j3.2p and (j3.7p the 
separation equations are 



n , fi / , 

fi + -J'^i + 
Ji 



k^qn + ^ kjqij - Vi 
i=2 



99i = 0. 



(3.13) 



To conclude we arrive at the following identifications: (A), (B), (C) and (9) of [27] are now 
3:9]) . (f33D . ([HUD and (i3J3]l respectively. 



Definition 7. (13.10p is called the Stackel metric and (j3.1ip is called the Robertson condition. 



3.2 The n-elliptic metric 

It is well known that n-elliptic metric (I2.10p is separable {R = 1) in the Schrodinger equation with 
an appropriately chosen potential function. An indirect proof consists in showing that (j2.10p 
is the Stackel metric (in this case the Robertson condition is satisfied) and Eisenhart stated it 
without proof in [161 p. 302]. 

Theorem 5. The n-elliptic metric (I2.10p is separable in the Schrodinger equation with a po- 
tential function 



= E 



Vi{\' 



t n(A^-A^y 



where Uj(A*) are arbitrary functions, i.e. V{X) is an arbitrary solution to the Euler-Poisson- 
Darboux system ()2.15p . The corresponding separation equations are 



I ai Oi 



n-2 



Y^k^{XT + k\xT-'-viix' 



,m.=0 



fi = 0, 



1,2 



5 ; 



n, 



where aj = 4 P][ (A* — bk) and are arbitrary constants [m = 0, 1, . . . , n — 2). 
fc=i 
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Proof. Indeed, from example (Subsection 12. ip we know that the metric (j2.10p is isothermic. 
Again i?-equation is reducible to the functional constraint 

We put 

n-2 

a^{X%{X') = k^iXT + k^{XT-' - v.iX'), i = 1, 2, . . . , n, 

m=0 

where km = const and Vi(A*) are arbitrary functions. Now the Bocher-Ushveridze identity (I2.16P 
implies the statement. ■ 

3.3 Remarkable example of Kalnins— Miller revisited 

Our setting can be easily extended to the pseudo-Riemannian case. Consider the following 
metric 

da^ = (A^ - A^) (A^ - A^) {dX'f + (A^ - A^) (A^ - A^) {dX'^f 

+ (A3 - A^) (A3 - A2) {dX^f, (3.14) 

where A^ > A^ > A^ > 0. It is 3-dimensional Minkowski metric. Indeed, on replacing A' by t, x 
and y 

i = i(Ai + A2 + A3)- A(a1 + A2-A3) (a1-A2 + a3) (a1-A2-A3), 
X = ^ (Ai + A2 + A3) + A (Ai + a2 - A3) (A^ -X' + X') (A^ - A^ - a3) , 

y = \{X' + X'-X'f-X'X', 

we arrive at 

da"^ = -df + dx^ + dy'^. 

Certainly, any metric conformally equivalent to p.l4p is an isothermic metric and thus satisfies 
the 1st condition of /^-separability (|2.ip . Kalnins and Miller proved that the metric 

ds^ = (A^ + A^ + A3) dcT^ (3.15) 

is i?-separable in the Helmholtz equation (jl.7p |2H p. 472]. We re-derive this remarkable result 
within our approach. 

First of all it is easy to predict i?-factor (see ()2.9p ) and the form of the separation equations 
(/f = /| = l,/l = -l) 

R{X) = {X^ + X^ + X'y^'\ (3.16) 
(p'l + qnpi = Q, i= 1,2,3. 

The point is that (|3.16p is harmonic with respect of (j3.15p . Again /^-equation is reducible to 
the functional constraint 

,1 , x2 , ^3^,2_ ^l(A^) , 92(A2) ^ ^^(^3) 



+ \2 I \3\ 1,2 ^ Hn^' j HIV- j 



(Ai - A2) (Ai - A3) (A2 - Ai) (A2 - A3) (A3 - A^) (A3 - A2) ' 
Then from the Bocher-Ushveridze identities (|2.16p and (j2.19p we have immediately 

q,(x^) = k\yf + ki{x') + ko, 

where ko, ki are arbitrary constants. 
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3.4 Fixed energy i?-separation revisited 

In order to treat i?-separability in the Schrodinger equation (jl.Sp a pretty comphcated formahsm 
was proposed in [?]• Presumably some part of the formalism of [7] can be simplified according 
to the following result. 

Proposition 1. Any isothermic metric which is R-separable in n- dimensional Laplace equation 
is R-separable in n- dimensional Schrodinger equation with k = for an appropriately chosen 
potential function. 

Proof. Consider the isothermic metric given by (j2.3p . /^-separability of ()2.3p in n-dimensional 
Laplace equation implies that i?-equation simplifies to 



n 

i?-iAi? - V -2 % = 0. (3.17) 
We put 

n 

i=l i 

where Vi{u^) are arbitrary functions and define qi = qi — Vi. Then (|3.17p can be rewritten as 

n ^ " 1 

i=l « i=l « 

which is i?-equation for n-dimensional Schrodinger equation (jl.Sp with the potential func- 
tion (f3ll|) . ■ 

4 i?-separability in 3-dimensional case 
4.1 Procedure to detect i?-separable metrics 

Here we describe a simple procedure to identify a given 3-dimensional diagonal metric as R- 
separable in 3-dimensional Laplace equation. 

Proposition 2. In the dimensional case any isothermic metric is binary. 

Proof. Indeed, we put n = 3 in ()2.3p and hence we deduce the following expressions for Lame 
coefficients Hi 

1 1 
= ;^G'(i)G(2)G{3)G(iJ-^, i = 1,2,3, 

or more explicitly 

rr _ G(2)G(3) _ G12G1S _ G{1)G{3) _ G12G23 

R^f, ~ R^f, ' i?2/2 " R^f2 ' 

G(i)G(^2) G13G23 , . 

Now see (1231). ■ 
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To simplify notation we rewrite (j4.ip as 



Mh 



Ho 



M/2 ' 



M/3 



In other words Gi does not depend on u*, fi depends on and R = \/M. Finally we arrive at 
the following general form of the isothermic metric in 3-dimensional case 



1 

w 



G\G\ 

n ' ' fi 



3\2 



{du^) 



(4.2) 



The procedure in question consists of three steps. Suppose we are given any 3-dimensional 
diagonal metric 



ds^ = Hl{u){du^f + Hl{u){du^y + Hl{u){du^) 



2\2 



.3\2 



(4.3) 

In the first step we attempt to identify (j4.3p as an isothermic metric ()4.2p . Suppose it is the 
case. This step provides us with (predicts) possible forms of i?-factor and coefficients pi in the 
separation equations. 

In the second step we form the i?-equation ()2.2p for 3-dimensional Laplace equation either in 
terms of (14.31) as 



(4.4) 



3 1 



i=l 

or in terms of (14. 2p as 



AR 



+ 



S2 



+ 



S3 



r<2r<2 n2,ni 

^T^Z '-^l'-^3 '-^l'-^2 



i?^ = 0, 



(4.5) 



where = f^qi or as 

3 



1=1 



dlR-^ + ^-fdiR-^ + qiR-^ 



0. 



(4.6) 



In the third step we treat (j4.4p and (14. 6p as equations for unknowns qi{u^) and (14. Sp as 
equation for unknowns Si{u^). Any solution to ()4.4p . (j4.5p or ()4.6p provides us with a coefficient 
Qi in the separation equations. If the third step is successful, then the starting metric (14. 3p 
is /^-separable in 3-dimensional Laplace equation and the separation equations are constructed 
explicitly. 

If 72 is harmonic with respect of (14. 2p (this case includes separability), then e.g. (14. 4p becomes 
a linear in qi constraint 



3 1 



1=1 



(4.7) 



and the corresponding solution space is at most 2-dimensional. 

If R is not harmonic with respect of ()4.2p and if e.g. (14. 4p admits a special solution qiQ, then 
a general solution to (j4.4p is 



Qi = qio + qii, 



where qn is a solution to (|4.7p . 
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4.2 Examples 

Here we present five examples proving efficiency of our procedure. 

4.2.1 Spherical metric 

The spherical metric 

ds^ = dr"^ + r'^de'^ + sin^ Odcp"^ 

is isothermic. It is easily seen that 

R=l, Gi=sme, G2=r, G3 = r, A = r^, /2 = sin0, h = l 

in this case. Equation (j4.7p reads 
1 1 

Ql + -^Q2 + n . 2q ^3 = 

and can be easily solved 

a (3 

qi = — K, q2 = a ^3 = /3, a, /? = const. 

sm^ 9 

The resulting separation equations read 

,, 2 , a 

(fii + -<fi - —(pi = 0, 

+ cot 9 (^2 + ( Q - -^2^ ^2 = 0, 
V sm 9 J 

+ /3<^3 = 0. 

4.2.2 Toroidal metric I 

The so called toroidal metric 

ds^ = (cosh T] - cos 6*)"^ (dr/^ + d6'^ + sinh^ ry d(\?) , (4. 
discussed in e.g. [SUIT], is isothermic and 



R = \l cosh — cos 9^ G\ = = 1, G2 = sinhr/, 
/i=sinhr/, = = I. 

We easily verify the equality 

AR - ^R^ = 0. (4.9) 
Hence equation (|4.5p is satisfied if and only if 

-^Si+S2 + -^S3 = j. (4.10) 

smh r] smh rj 4 

A general solution to ()4.10p is 



si = fhi = ( ^ - «i ) smh^ ?7 - a2, 
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S2 = f2l2 = ai, S3 = fllz = "2, ai, 02 = const. 
The resulting separation equations read 

if'l + cothri v?^ + ( J - ai . \ a-A ipi = 0, 

V4 smii 7] J 

LP2 +aiip2 = 0, 

lpI + a2¥'3 = 0. 
4.2.3 Toroidal metric II 



Interestingly, the metric (|4.8p can be identified as isothermic in two ways. It was shown implicitly 
in [7]. Indeed, we rewrite (|4.8|) as follows 



sinh r] 



drf + d6l2 



+ 



(cosh rj — cos OY \ sinh^ r/ 
Metric (|4.11|) suggests the following identifications 



(4.11) 



R 



' coth rj 



cos 9 



G-i — Go 



1, 



sinh 7/ sinh 7] 

Again (j4.9p holds. Hence equation (j4.5p is satisfied if and only if 



/i — /2 — /s 



1. 



si sinh^ ?7 + S2 sinh^ + S3 



A general solution to (j4.12p is 



1 



(4.12) 



si 



4 ^ y sinh^ r] 



S2 = ai, 



S3 = Oi2, 



ai, 02 = const. 



The resulting separation equations read 
1 \ 1 



^'1 + 



4 "2 y ^;^i,2. 



sinh r] 



ipi = 0, 



f2 + ai(p2 = 0, 
993 + a2(p3 = 0. 



4.2.4 Cyclidic metric 

Consider the following metric 



+ 



l+p\/AiA2A3 
(A3-Ai)(A3-A2)(dA3)2 



(Ai - A2)(Ai - A3)(dAi)2 (A2 - Ai)(A2 - A3)((iA2) 



V.(Ai) 



+ 



V.(A2) 



(^(A3) 



(4.13) 



where ^p{x) = {x — a){x — b){x — c){x — d) and p, a, b, c, d are constants. In general it is not flat. 



Proposition 3. The off-diagonal components of Ricci tensor of (j4.13p vanish, i.e. part of Lame 
equations (I1.13P is satisfied. The diagonal components of Ricci tensor of ()4.13p vanish, i.e. the 
other part of Lame equations (jl.l4p is satisfied, if and only if 



pabcd = 



and 



p^{abc + abd + acd + bed) = 1. 
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We select d = and p = 1 /V abc. Hence the metric 



1 + 



abc 



(Ai - A^)(Ai - X^)idX^f (A^ - Ai)(A^ - X^){dXy 



cp{X^) 



+ 



^(A2) 



+ 



{X^ - X^){X^ - X^){dX^f 

(^(A3) 



(4.14) 



with ip{x) = x{x — a){x — b){x — c) is flat. It is isothermic and 



1 + 



AiW 
abc 



= A^ - A^ 



= A^ - A^ 



= A^ - A^, 



/2 = ^(Ai), /| = -(^(A2), fi = ^{X% 
We readily check the equality 



AR R^ = 0. 

16 



+ 



Hence equation (j4.5p is satisfied if and only if 



+ 



(Ai-A2)(Ai-A3) (A2-Ai)(A2-A3) (A3 _ Ai)(A3 - A2) 16 



(4.15) 



From Bocher-Ushveridze identities (|2.16p (n = 3) we deduce immediately a general solution 

to 



i = 1,2,3, 

where 01,02 = const. The resulting separation equations read 

ifi = 0. 



1<^'(A0 , 1 

'Pt + ^—TTTTfi + 



2 ip{X^ 



ai + a2A* + ^(A*)^ 



Definition 8. A diagonal 3-dimensional flat metric all whose parametric surfaces are cyclides 
(Dupin cyclides) is called cyclidic (Dupin-cyclidic). 

General cyclides are discussed in [29]. For Dupin cyclides see Section [4.31 of the paper. 
Metric (I4.14p is cyclidic but not Dupin-cyclidic. 



4.2.5 Dupin-cyclidic metric 

The metric 

b'^{w — acosht;)2 



ds' 



(a cosh u — ccosii)2 



9 b'^iw — ccos u)2 o , r, 
^ ' ^ ' dv^ + dw^ 



du^ + 



(a cosh V — ccos it) 2 



(4.16) 



is Dupin-cyclidic [26]. It is i?-separable in the Helmholtz equation ()1.7p on E3 (see Theorem 1 
in |26j). Here we give an alternative and remarkably simple proof of this result. Metric (j4.16p 
is isothermic and 

R = (acoshu — w)~^^'^{'w — ccosu)~^^'^ , Gi = (acosht; — w)~^, 

G2 = {w — ccosu)~^ , G3 = (a cosh -y — ccos u)~^, fi = f2 = b^^-, /s = 1- 
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It is easily to verify the equality 

R-^AR - ^ (iff 2 - iff 2) = 0, (4.17) 
which is equation (I4.4p in this case. Taking into account H3 = 1 we rewrite (14.171) 

R-^AR + - ^ {H{^ - H2^) - k'^H^^ = 0. (4.18) 

Certainly, (|4.18p is i?-equation (j2.2p for 3-dimensional Helmholtz equation (jl.7p . The corre- 
sponding separation equations are 

fi + ^Vi = 0, 

^2 - ^<^2 = 0, 

f3 + ^Va = 0. 
4.3 Dupin-cyclidic metrics 

Gaston Darboux found a broad class of Dupin-cyclidic metrics which are i?-separable in 3- 
dimensional Laplace equation [13\ Section 162, p. 286]. Here we give an alternative and simplified 
proof of this remarkable result. The metric (j4.16p belongs to this class. 

There are many definitions (not necessarily equivalent) of Dupin cyclides (see [6l p. 148]). 
We select the following one. 

Definition 9. A Dupin cyclide is a regular parametric surface in whose both principal 
curvatures are constant along their curvature lines. 

Let us recall the celebrated theorem of Dupin (see }18l p. 609]). 

Theorem 6. Let u = (u^jU^jU^) be orthogonal coordinates in K^. Two arbitrary parametric 
surfaces n* = const and = const {i 7^ j) intersect in a curvature line of each. 

Proposition 4. The metric (j4.3p is Dupin-cyclidic {see Definition 8) if and only if it is flat 
and its Lame coefficients satisfy the following six PDEs 

^^^"'^^"^^■ = ° ^'^• = 1'2,3, i^j. (4.19) 

Proof. Indeed, % = -Hr^^lnHj is a principal curvature on a parametric surface = const 
in the direction of a curvature line u-'-variable |18i p. 608]. ■ 

A natural question arises as to when the isothermic metric (14. 2p satisfies ()4.19p ? With no 
difficulty we prove the following result. 

Proposition 5. The isothermic metric (14. 2p satisfies (I4.19P if and only if 

- (^^^ - ( - (4 20) 

^l/,23 \^'iJ,13 VG'3y,i2 

Certainly, one solution to (|4.20p is provided by the metric (|4.16p . On performing re-scaling 

in (lire]) 

n"^ = ccosn, u'^ = acoshv, = w 
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we arrive at 



ds^ = Hf{u){du^) + Hl{u){duy + Hl{u)[du^)' 



with 



= (^3 - ^1) (^3 _ ^2) (^1 _ ^2) -1 (^1 _ ^3) -1 



H2 



62 62 



-1/2 
1/2 



^3 = (^^3 _ ^1) (^3 _ ^2) (^3 _ ^1) -1 (^3 _ ^2) -1 ^ 

Obviously, (|4.2ip is isothermic and from (|4.22p - (|4.24p we have 

Let us insert (|4.25p into (j4.20p . The resulting system of equations 

(u* - u^)M^ij - M^i + Mj = j = 1, 2, 3, i<j 
is exactly the Euler-Poisson-Darboux system (12.15P for n = 3. Hence M is of the form 

h{u^) , 62(«2) ^ 63(^3) 



(4.21) 

(4.22) 

(4.23) 
(4.24) 

(4.25) 



M 



+ 



+ 



(u^ — u'^)(u^ — n3) (ii2 — n-^)(n2 — ^3) (^3 — u^)(^u^ — u^) ' 
where 6j(u') are arbitrary functions of a single variable. Thus we have the following result. 
Lemma 1. Any metric ()4.2ip with 



(4.26) 



u' — u'') ^a-^^'^, hjj^ are different, (4.27) 



where M is given by (j4.26p while bi{u^) and ai{u^) are arbitrary functions of a single variable is 
isothermic and satisfies (|4.19p . 

Theorem 7. Suppose a ?>- dimensional Riemann space 7^3 admits the metric described in Lem- 
ma [TJ Then 

1) the off-diagonal components of the Ricci tensor vanish, 

2) 7^3 conformally flat if and only if 

ai{u^) = niii^u^Y + 2niti* + pi, mi,ni,pi = const, 

where 

333 
^ jTii = ^ ni = ^pi = 0, 



(4.28) 



(4.29) 



1=1 



i=l 



i=l 



3) TZ"^ is flat if and only if it is conformally flat and the following identities hold 

(nj - miPi)hf + 2[{Pimi - aiUiju' + ftn^ - QjPi]6j + (ajit* + A)^ + 7^0^ = 0, (4.30) 

where the constants ai, /3j and 7^ satisfy identities 
333 

^ai = ^ft = ^7i = 0. (4.31) 



i=l 



i=l 
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Proof. 1) Suppose we are given the metric (j4.2ip whose Lame coefficients are (|4.27p and M is 
an arbitrary function. Then off-diagonal components of its Ricci tensor are 



Ri 



^{u'-u^) ^[{u'-u^)M,i,+Mj-M4, i<j. 



2) The Cotton- York of the metric vanishes if and only if (|4.28p and ()4.29p hold. 

3) Suppose ()4.28p . ()4.29p are valid, then the diagonal components of the Ricci tensor vanish 
if and only if (ICT]) and dOT]) hold. ■ 

Remark 10. The result 3) of Theorem [7] is essentially due to Gaston Darboux. See the formulae 
in [121 p. 335]. 



Lemma 2. Suppose is equipped with the metric described in 3) of Theorem^ Then R = \fM 
satisfies the equation 



3\-2 



4^ 



2\-2 

U Vos 



dz^/aid:iR~ 



R' 



0. 



(4.32) 



We identify (j4.32p as /^-equation ()4.6p for the Laplace equation on E'^ 



Theorem 8. Any Dupin-cyclidic metric described in 3) of Theorem [7| is R-separable in the 
Laplace equation on E^. R = ^/M and M is given by (j4.26p . The separation equations are 



fi + T,—'Pi - -T—fi = 0' 
2 a,- 4a,' 



i = 1,2,3. 



Remark 11. Theorem [8] is due to Gaston Darboux as well. See his remarkable result pointed 
out in [131 Section 162, p. 
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